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ABSTRACT
The inventory of the populations of trans-Neptunian objects (TNO) has grown considerably over the last decade. As for other groups
of small bodies in our solar system, TNOs are expected to have experienced a collisional evolution owing to their mutual impacts.
The knowledge of the statistics of collisions, including determination of the rate of mutual collisions and the distribution of the
impact velocity, is indeed a fundamental prerequisite for developing models of collisional evolution. We revised the evaluation of
those statistical parameters for TNOs provided more than ten years ago on the basis of a much more limited sample of objects than
currently available. We used the Canada-France Ecliptic Plane Survey (CFEPS) L7 model to extract an unbiased sample of orbits
for TNOs, while the statistical parameters of impact are computed using a statistical tool. We investigated the statistics of impacts
among TNOs for the whole population and for diﬀerent dynamical subgroups. Moreover, we investigated the statistics of collisions
between subgroups with crossing orbits. The peculiar dynamical behavior of objects in resonant orbits is taken into account. Our
present computation of the probabilities of collision are 20% to 50% lower than previous estimates, while mean impact velocities turn
out to be about 70% higher. For instance, the rate of collisions among Plutinos, expressed in terms of the so-called mean intrinsic
probability of collision, results to be (3.90± 0.01)× 10−22 km−2 yr−1 and the mean impact velocity is 2.46 ± 0.01 km s−1. We also find
that the distributions of impact velocities seem to be quite diﬀerent from pure Maxwellian distributions. These results can be useful
in developing models of the collisional evolution in the trans-Neptunian region.
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1. Introduction
Since the discovery of 1992 QB1, the first object found be-
yond Neptune with the exception of Pluto (and its largest moon
Charon), many discoveries and follow up surveys of that re-
gion have been carried on by diﬀerent teams of researchers.
In most cases observational and selection biases were present.
The Canadian-France Ecliptic Plane Survey (CFEPS) was set
up at the beginning of the past decade (Kavelaars et al. 2009;
Petit et al. 2011; Gladman et al. 2012), developing a discovery
and follow-up strategy intended to minimize observational bi-
ases and to obtain a population of objects that can be considered
representative of all dynamical classes of the trans-Neptunian
region (also known as the Edgeworth-Kuiper belt, EKB). As a
result of this observational eﬀort involving researchers and fa-
cilities in many countries, we begin to understand the overall
structure of the trans-Neptunian objects (TNO) populations in
terms of dynamical features and absolute magnitude number dis-
tributions. Following the terminology introduced by the CFEPS,
the TNOs can be roughly classified – from a dynamical point
of view – as Resonant, Scattering and Classical or detached ob-
jects. This classification can be further divided into subclasses,
as explained later.
A synthetic model was produced starting from the CFEPS
observational data (CFEPS-L7), producing orbital and magni-
tude distributions corresponding to each dynamical class (Petit
et al. 2011). In the analysis we present in this article, we have
recovered the techniques explained in Dell’Oro & Paolicchi
(1998a) and applied in Dell’Oro et al. (2001) to derive encounter
probabilities and relative velocity distributions between objects
belonging to the same classes and to diﬀerent classes for which
orbital crossing is possible.
2. The trans-Neptunian region
2.1. Dynamical structure of the trans-Neptunian region
We follow the convention stated in Gladman et al. (2008). Based
on orbital elements and dynamical behavior, the EKB can be
divided into three broad orbital classes.
1. Resonant: objects currently in a mean motion resonance
(MMR) with Neptune.
2. Scattering: objects which over 10 Myr forward in time inte-
grations experience encounters with Neptune resulting in a
variation of their semimajor axes by more than 1.5 AU.
3. Classical or detached belt: the rest of objects.
The classical belt can be further subdivided into:
3.a inner classical belt (ICB): objects with semimajor axes inside
3:2 MMR;
3.b main classical belt (MCB): objects whose semimajor axes
are between the 3:2 and 2:1 MMRs;
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3.c outer belt (OB): objects with semimajor axes outside to the
2:1 MMR, with eccentricites smaller than 0.24;
3.d detached: objects with semimajor axes beyond the 2:1 MMR
and eccentricities larger than 0.24.
The classical belt is also often divided into high-inclination and
low-inclination objects. As described in Brown (2001), two dis-
tinct populations exist, one with a wide inclination distribution
(the “hot” population) and another one with a narrow inclination
distribution (the “cold”population), with both populations over-
lapping each other in inclination space. The CFEPS model has
also found that the cold classical objects have two components,
the stirred and kernel populations.
2.2. The CFEPS synthetic Edgeworth-Kuiper belt
The CFEPS model of the Kuiper belt (Petit et al. 2011) is an em-
pirical parametric model that properly reproduces the observed
orbital distribution of the trans-Neptunian region, once passed
through the CFEPS survey simulator. The survey simulator takes
a proposed EKB model, exposes it to the known detection bi-
ases of the CFEPS blocks, and produces simulated detections
to be compared with the real detections. Starting from a sim-
ple parametrization of the intrinsic orbit and absolute magnitude
distributions for the various components of the so-called clas-
sical belt, the CFEPS survey simulator determines which mem-
bers of the population would have been detected by the survey.
The orbital element distributions of the simulated detections are
then compared to the CFEPS characterized sample. This process
is iterated with models of increasing complexity until getting
a model that provides a statistically acceptable match (no cos-
mogonic considerations are invoked). The result of this process
is the CFEPS synthetic model1.
This model has allowed the identification of dynamical struc-
tures in the main classical belt. There is clear evidence of a
population with a wide inclination distribution (the hot popu-
lation) superposed on top of a population with a narrow inclina-
tion component with two semimajor axis/eccentricity distribu-
tions (the stirred and kernel populations). The hot population is
defined as a band in perihelion distance q essentially confined
within the range 35 to 40 AU, with a soft exponential decay out-
side this range. The cold population of the main classical belt can
be then split into two subcomponents, being aware that there is
mixing with the low-inclination tail of the hot component. The
stirred population has orbits drawn from a narrow-inclination
distribution with semimajor axes starting at a = 42.5 AU and
extending to a  47 AU, with a range of eccentricities that in-
creases going to larger a. The stirred component does not con-
tain the sharp density change at 44.5 AU. There are more low-i
and moderate-e TNOs per unit semimajor axis, in the interval
between 44 AU and 44.5 AU, than at smaller and larger semi-
major axes, indicating that a third component is required. This
component is a dense low-inclination concentration, the kernel,
near a = 44 AU.
The purpose of this parametric model is to provide ab-
solutely calibrated population estimates of the various sub-
populations of the EKB. The CFEPS synthetic model is also use-
ful for observational modeling of the region (Stark & Kuchner
2010). The ability to provide a detailed quantitative compari-
son with a cosmogonic model is, however, the true power of the
CFEPS survey. This is done by passing a proposed model of
the current EKB distribution through the CFEPS survey simu-
lator and then comparing this detection-biased model with the
1 http://www.cfeps.net/
Table 1. Average values and 1-σ standard deviation for eccentrici-
ties (e) and inclinations (I) (in degrees) in the inner belt (ICB), hot
main classical belt (HMCB), cold main classical belt (CMCB) and outer
belt (OB).
ICB HMCB CMCB OB
e 0.041 0.133 0.064 0.52
σe 0.027 0.052 0.036 0.20
I 24 22 3.5 21
σI 12 10 1.8 10
real CFEPS detections. Through this procedure one can choose
between models in a statistically robust way. We consider that
the CFEPS synthetic model is then the most complete and reli-
able model – at present – able to give estimates of the current
transneptunian populations. For that reason, it is suitable to per-
form statistical analysis of close encounters of TNOs, deriving
the probabilities and distributions of relative velocities for the
corresponding populations. The goal of this work is not, how-
ever, to provide estimates of the number of encounters between
any size bodies. In fact, that would need assumptions on the size
distributions and boundary conditions of the evolution of popu-
lations that is beyond the scope of our calculations. Collisional
evolution models – for which this work aims to provide intrinsic
probabilities of encounters and relative velocities distributions –
should do that. An example of application of past similar esti-
mates is in Campo Bagatin & Benavidez (2012). An update of
that model is in course according to the results of the present
study.
3. The distributions of TNO orbital elements
We have analyzed the distributions of the semimajor axes, eccen-
tricities, inclinations and longitudes of the ascending nodes for
all the dynamical populations identified by the CFEPS. Table 1
and Figs. 1 to 4 show such distributions. The most remarkable
features of the orbital structure predicted by the CFEPS model
are shortly summarized.
The inner belt is characterized by a lack of inclinations be-
tween 8 and 18 degrees, approximately. There are no inner clas-
sical belt objects in this inclination range due to the fact that the
ν8 secular resonance is there and removes them all, as explained
in Petit et al. (2011). Also, eccentricities have very small values,
within 0.1.
It is interesting to notice the semimajor axes overall structure
of the main belt, as described by the CFEPS synthetic model.
Dynamical classes are clearly confined there. The cold compo-
nent of the belt starts at some 42.5 AU, including both stirred
and kernel populations. The kernel population is well confined
within approximately 0.6 AU, starting around 43.8 AU. The bi-
modality in eccentricity and inclination distributions reflects the
presence of the hot and cold components themselves. The distri-
butions of eccentricities and inclinations of the cold component
(the stirred and kernel populations together) show a Maxwellian-
like profile that instead is not present in the distribution of ec-
centricities of the hot component of the main classical belt. This
may be related to a relaxation in the collisional evolution of the
cold component, that is also characterized by remarkably lower
values of inclinations (and eccentricities) with respect to the hot
component.
In the outer belt, the main feature is a clear lack of low ec-
centricity orbits, likely related to their scattered origin due to
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Fig. 1. Distribution (normalized frequency) of the orbital elements
(semimajor axes a, eccentricities e, inclinations I and longitude of
the ascending nodes Ω) of the CFEPS synthetic model for the Inner
Classical Belt.
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Fig. 2. Distribution (normalized frequency) of the orbital elements
(semimajor axes a, eccentricities e, inclinations I and longitude of the
ascending nodes Ω) of the CFEPS synthetic model for the Hot Main
Classical Belt.
perturbations by giant planets in their early history (in agree-
ment with Gomes et al. 2005). A nearly exponential decrease
of the number of objects at increasing semimajor axes is also
clearly shown (Fig. 1) down to some 500 AU.
The inhomogeneous distributions of the longitudes of the as-
cending nodes – in particular in the case of the cold main clas-
sical belt – is an eﬀect due to the way data are handled in the
synthetic model. In fact, elements are generated in the invari-
able plane reference frame, but the L7 model is given in ecliptic
J2000 reference frame. The invariable plane has an inclination
about 1.5 degrees with respect to J2000 ecliptic plane with di-
rection of ascending node at about 107.5 deg. For this reason the
distribution of the ascending nodes, uniformly generated in the
invariable plane, is clustered in ecliptic coordinates. The eﬀect is
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Fig. 3. Distribution (normalized frequency) of the orbital elements
(semimajor axes a, eccentricities e, inclinations I and longitude of the
ascending nodes Ω) of the CFEPS synthetic model for the Cold Main
Classical Belt.
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Fig. 4. Distribution (normalized frequency) of the orbital elements
(semimajor axes a, eccentricities e, inclinations I and longitude of the
ascending nodes Ω) of the CFEPS synthetic model for the Outer Belt.
larger for the cold population due to its smaller mean inclination,
while for the other components it is practically invisible.
4. Methods in TNO collisional statistics
4.1. Statistical parameters
Our goal is to investigate the statistics of collisions among ob-
jects regardless of their size belonging to any given dynamical
group and for objects belonging to diﬀerent groups. The main in-
formation about collisions among orbiting bodies around a com-
mon attracting mass the Sun, in our case is their mean intrin-
sic probability of collision (Wetherill 1967). In the simplified
situation in which only two orbiting bodies with radii R1 and
R2 (supposing them spherical) exist, the probability of collision
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is the average number per unit of time of the close approaches
within a mutual distance that is less than the sum of their radii,
R1+R2. From the knowledge of such intrinsic probabilities, more
practical quantities can be derived in specific environments (e.g,
the transneptunian belt, the asteroid belt, the Jupiter Trojan as-
teroids). Namely, the probability of collision, or more properly,
the mean frequency of collision, that is the number of close ap-
proaches within a distance less than R1 + R2 occurring during
a suﬃciently long time T , divided by T . For a suﬃciently long
time we mean an interval of time during which all possible geo-
metrical configurations of the system can come about. The prob-
ability of collision, avoiding the eﬀect of the mutual gravitational
attraction, is proportional to the geometrical cross section, that
is the square of the sum of the radii. For definition, the intrinsic
probability of collision Pi is the probability of collision in the
case R1 + R2 = 1 km, so that the probability of collision is sim-
ply (R1 + R2)2Pi. The intrinsic probability of collision is usually
expressed in units of km−2 year−1, and depends only on the or-
bital configuration of the system, regardless the size distribution
of the bodies.
When more than two orbits are taken into account, the mean
intrinsic probability of collisions 〈Pi〉 is computed. We follow
the convention that 〈Pi〉 for the collisions between a given “tar-
get” orbit and a group of “projectile” orbits is defined as the sum
of the intrinsic probabilities of collision between the target orbit
and each projectile orbit, divided by the number of projectile or-
bits. In a statistical form, if Pi(x0, x) is the intrinsic probability
of collision between the target orbit x0 and the projectile orbit x
(obviously Pi(x0, x) = Pi(x, x0)), then:
〈Pi〉 =
∫
Pi(x0, x)ψ(x)dx
where ψ(x) is the normalized distribution of the projectile or-
bits. In the reasonable approximation (at least at first order of the
study of the collisional evolution of systems like the transneptu-
nian region) that the distribution of the orbits does not depend
on the sizes of the objects, the total number of collisions per unit
of time suﬀered by a given target and due to a given population
of projectiles, in a given interval of sizes, is:
dnc
dt = 〈Pi〉
∫
(R0 + R)2F(R)dR
where R0 is the radius of the target, R is the radius of the pro-
jectile and F(R) is the distribution of the radii of the projectiles.
The integral is performed on the size interval of interest of the
projectiles. In this way the same value of the mean intrinsic prob-
ability of collision can be used with diﬀerent size distributions,
provided that the orbital distribution is the same. When the col-
lisions among a group of targets and a group of projectiles are
addressed, the mean intrinsic probability of collision is the av-
erage of the single mean probabilities of collision computed for
each target. In this case the mean intrinsic probability of colli-
sion is a representative value for the whole ensemble of targets.
As far as the impact velocity U is concerned, we define it as
the relative velocity of the projectile with respect to the target at
the epoch of the close encounter, neglecting gravitational focus-
ing eﬀects. For a single orbit undergoing collisions with a popu-
lation of background projectiles, we compute the distribution of
U. In the case of a group of targets the statistical distribution of
U is defined as the average of the single statistical distributions
of U for each target weighted by the corresponding mean intrin-
sic collisional probability. From the distribution of the vector U,
the distributions of the modulus U, of the radial (UR), transver-
sal (UT) and normal (UN) components are extracted, together
with the mean value of the modulus U and its standard deviation
σ(U), and the mean values of the modulus of the three compo-
nents |UR|, |UT| and |UN|. More precisely, if eR, eN, and eT are
the unit vectors from the target at the time of the close approach
respectively pointing to opposite direction respect to the Sun,
parallel to the angular momentum of its orbit (normal to it), and
equal to eN×eR, the impact velocity is U = UReR+UTeT+UNeN.
4.2. The dynamical/statistical model
A statistical model is required in order to compute all the above
statistical information. For bodies whose orbits have no peculiar
behavior, as not resonant orbits, the standard dynamical assump-
tions are:
(1) semimajor axes a, eccentricities e and inclinations I are fixed
and do not change in time;
(2) mean longitude M, longitude of the node Ω and argument of
the perihelion ω of a given orbit are uniformly distributed,
meaning that their probability distributions are constant over
the interval from 0 to 2π;
(3) no correlation exists among the angular elements M, Ω and
ω of the orbit of a body;
(4) no correlation exists between any angular elements of the
target and any angular element of the projectile.
Concerning hypothesis (1), orbital elements a, e and I are sup-
posed not to have secular variations but only small periodic
oscillations around mean values. Orbits are assumed to have
semimajor axes, eccentricities and inclinations fixed and equal
to their mean values. From a dynamical point of view, condi-
tions (2)–(4) mean that the orbits circulate uniformly and inde-
pendently of each other. The non uniformity of the distribution
of the nodes shown in Fig. 3 can be ignored if the computation of
the collision probability is performed using the orbital elements
with respect to the invariable plane.
In the case of orbits in mean motion resonance with Neptune,
the hypothesis (4) no longer holds. It is well known that – for
these kind of orbits – a critical angle can be defined as the value
that librates around a mean value, or in a more statistical sense,
its value is not distributed uniformly between 0 and 2π. For a
( j + k): j resonance, the critical angle is defined as (Malhotra
1996):
φ = ( j + k)λ − jλ′ − kω˜
where λ = M + ω + Ω is the mean longitude of the body,
ω˜ = ω + Ω is its longitude of perihelion, and λ′ is the mean
longitude of the planet (Neptune, in our case). The mean value
of φ is generally (but not always) 0 or π. Regardless the mean
value of the critical angle of a single orbit, the diﬀerence σ =
φt − φp between the critical angle of the target and the critical
angle of the projectile is not uniformly distributed. This angle
can be expressed clearly as a linear combination of the angular
elements of the target and the projectile:
σ = ( j + k)(Mt − Mp) + j(ωt − ωp + Ωt − Ωp)
If the probability distribution of σ is not uniform it entails that
there is some correlation among the angular elements of the tar-
get and the projectile, violating condition (4). In this case we
modify that hypothesis as:
(4’) the probability distribution of σ is a given function Ψ(σ).
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Fig. 5. Normalized distribution of the diﬀerence σ of the critical angles
of the bodies included in our database that are in a 3:2 resonance with
Neptune.
The particular form of the function depends on the dynamics of
the orbits and can be extracted from the CFEPS synthetic model
data set. An example of distribution of the angle σ is shown in
Fig. 5. The histogram in the figure has been obtained computing
the diﬀerences of the critical angles φ for all possible pairs of or-
bits in mean motion resonance 3:2 with Neptune included in the
CFEPS model data set. For orbits not in resonance the analogous
distribution is flat.
4.3. The computational tool
In order to compute the mean intrinsic probabilities of collision
and all the required statistical distributions of the relative im-
pact velocities and their components, we use the approach by
Dell’Oro & Paolicchi (1998a), that is the evolution and improve-
ment of the method by Dell’Oro & Paolicchi (1997). The ap-
proach has been successfully used for the computation of the
probabilities of impact among some orbits in resonant conditions
like the case Jupiter Trojans (Dell’Oro & Paolicchi 1998b) and
the case of Plutinos (Dell’Oro et al. 2001). In the simple case of
collisions between two bodies, the computation of the intrinsic
probability of collision is based on the numerical evaluation of a
surface integral in the space of the six angular orbital elements of
the target ft, ωt, Ωt and the projectile fp, ωp, Ωp, where f is true
anomaly (see Dell’Oro & Paolicchi 1998a, for details). The in-
tegrand function contains, besides other factors, the probability
distribution of the six angular elements:
Δ( ft, ωt,Ωt, fp, ωp,Ωp).
In the canonical case in which the hypotheses (2)–(4) hold, the
analytical form of Δ is:
Δ =
1
(2π)6
(1 − e2t )3/2
(1 + et cos ft)2
(1 − e2p)3/2
(1 + ep cos fp)2 (1)
expressing in a statistical way the pure Keplerian motions of the
two bodies. In the more general situation in which the hypothe-
sis (4’) holds, the form of Δ has to be modified as:
Δ =
1
(2π)5
(1 − e2t )3/2
(1 + et cos ft)2
(1 − e2p)3/2
(1 + ep cos fp)2Ψ(σ) (2)
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Fig. 6. Resonant groups (black dots) superimposed to the whole model
population (gray dots) in the semimajor axis-eccentricity diagram.
provided that the Ψ(σ) function is normalized between 0 and
2π. In any case Δ has to be normalized over the six dimensional
space [0, 2π]6. The dependence on ft and fp in functionΨ is hid-
den inside the dependence of σ on Mt and Mp respectively. The
functionΨ(σ) is not provided analytically but rather by means of
numerical interpolation of the distribution of σ, extracted from
the specific sub-population.
With a large number of targets and projectiles, the computa-
tion of many such integrals can be time consuming. In this case,
a Monte Carlo technique can be used in order to obtain enough
accurate results in a reasonable time (see Dell’Oro & Paolicchi
1998a, for details). The distribution of the impact velocity (and
of any other kinematic parameter) is obtained as a by-product of
the computation of the intrinsic probability of collision.
5. Results
In order to provide a suitable sketch of the relevant features of
the statistics of collisions among TNOs, we have divided our
data set into diﬀerent groups:
– ALL: all objects (the combinations of following groups);
– ICB: inner classical belt objects;
– HMCB: objects belonging to the hot main classical belt;
– CMCB: objects belonging to the kernel or stirred main clas-
sical belt;
– OB: objects belonging to the outer region of the main belt or
scattered objects;
– N:M: objects in N:M mean motion resonance with Neptune
(one group for each resonance).
We investigated the statistics of collisions (i) between the mem-
bers of each group and the whole background population of po-
tential projectiles (ALL), in order to evaluate the total inten-
sity of the collisional evolution in each group; (ii) the collisions
among the members of each group and (iii) the collisions be-
tween members belonging to diﬀerent groups. The results are
shown in Tables 2–3 and Fig. 7.
In Fig. 7 the distributions of the moduli of the impact ve-
locity between the members of some groups and the members
of the whole population are plotted. In each plot the real dis-
tribution is drawn as a bold line, while the superimposed long-
dashed line corresponds to the Maxwellian distribution that best
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Table 2. Statistical impact parameters for the collisions between each group and the overall TNO population (ALL).
Group N 〈Pi〉 〈|U |〉 σ(|U |) 〈|UR|〉 〈|UT|〉 〈|UN|〉 p1 p2 c
all 66 038 1.29 1.65 1.13 0.75 0.41 1.22 0.47 1.66 0.29
ICB 943 1.45 2.69 1.29 0.51 0.73 2.43 2.43 − −
HMCB 10 241 1.60 2.24 1.08 0.68 0.56 1.92 1.90 − −
CMCB 15 831 2.54 1.01 1.05 1.36 0.85 1.61 0.47 1.66 0.62
OB 25 572 0.473 2.51 1.05 1.36 0.85 1.61 2.14 − −
1:1 53 0.193 2.43 1.16 0.60 0.54 2.13 2.09 − −
5:4 39 0.936 2.08 0.96 0.67 0.48 1.73 1.77 − −
4:3 198 1.34 1.86 0.94 0.65 0.44 1.51 1.58 − −
3:2 3340 1.54 2.10 1.04 0.84 0.44 1.71 1.75 − −
5:3 1262 1.71 1.78 0.93 0.79 0.34 1.38 1.45 − −
7:4 665 2.16 1.30 0.83 0.68 0.23 0.92 0.70 1.70 0.55
2:1 871 1.26 1.79 0.86 1.11 0.34 1.10 1.50 − −
7:3 900 0.978 1.95 0.86 1.24 0.46 1.16 1.61 − −
5:2 3179 0.743 2.17 0.95 1.25 0.61 1.38 1.85 − −
3:1 944 0.667 2.13 0.88 1.47 0.59 1.08 1.82 − −
5:1 2000 0.273 2.37 0.86 1.64 0.90 1.04 2.03 − −
Notes. The integer number N is the number of members in each group. The mean probability of collision is given in unit of 10−22 km−2 yr−1,
while the impact velocity and its components is in km s−1. The parameters p1, p2 and c refer to best fits with Maxwellian distributions (see text for
details).
Table 3. Statistical impact parameters for the collisions among pairs of the main TNO groups, and within each group.
ICB HMCB CMCB OB 3:2
ICB 11.0 3.24 0.435 0.901 2.87
(2.84) (2.76) (1.86) (2.92) (2.65)
HMCB 2.66 2.49 0.695 2.16
(2.46) (1.78) (2.71) (2.37)
CMCB 6.32 0.694 2.50
(0.51) (2.12) (1.59)
OB 0.243 0.580
(2.85) (2.68)
3:2 3.88
(2.46)
Notes. The mean intrinsic probability of collision is the upper number and it is given in units of 10−22 km−2 yr−1, while the mean impact velocity 〈U〉
is the lower number in brackets and it is expressed km s−1.
fits the real one. We used the following analytical expression for
the Maxwellian distributions:
M(x; p) = 4√
π
x2
p3
e−x
2/p2
where parameter p is the abscissa for which the distribution has
its maximum value. In some cases (ALL vs. ALL, CMCB vs.
ALL and 7:4 vs. ALL) a combination of two Maxwellian distri-
butions has been used:
M(x; p1, p2, c) = cM(x; p1) + (1 − c)M(x; p2).
The parameter p, or p1, p2 and c, are reported in Table 2, with
the most relevant parameters of the velocity distributions and, in
particular, the mean value of the moduli of the impact velocities,
their standard deviations and the mean values of the moduli of
the three components.
In general, the distributions of the relative impact velocities
are not exactly Maxwellian. The distributions that best seem to
follow Maxwellian distributions are those for collisions between
OB versus ALL, and 5:2 versus ALL. In three cases (ALL versus
ALL, CMCB versus ALL, 7:4 versus ALL) the distributions can
be interpreted as the combination of two unimodal distributions.
In the case of the collisions ALL versus ALL, the distribution
of the relative impact velocities shows a clear bimodality with
two peaks at ∼0.5 km s−1 and ∼1.8 km s−1 corresponding respec-
tively to the contributions of the overwhelming groups CMCB
and OB plus HMCB. This does not mean that any object can be
impacted with a relative velocity distributed as in the given upper
left plot in Fig. 7. Instead, such distribution should be used only
in the case of a collisional evolution model where the entire TNO
population is treated as a whole, without following in detail the
evolution of each single subgroup. For each subgroup, the cor-
responding velocity distribution must be used instead. The same
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Fig. 7. Distributions of the modulus U of the impact velocity between some groups and the overall TNO population (ALL).
holds for the values of the mean intrinsic collisional probabilities
listed in Table 2.
The results regarding resonant groups reflect the position of
each resonance in the space of orbital elements. In Table 2 res-
onant groups are listed from the very inner to the very outer
ones. Intrinsic collisional probability is very low for 1:1, being
those members well separated from the rest of the population.
〈Pi〉 grows up to the maximum value for the 7:4 group, that in-
teracts with the core of the TNO population. 〈Pi〉 decreases for
outer and outer resonances. On the contrary, the mean relative
impact velocity has an opposite behavior. It is maximum for the
1:1 group, than it decreases for the closest groups to the core of
the belt, and reaches its minimum value for the 7:4 group. For
the groups outside the 7:4 mean motion resonance, the mean im-
pact velocity grows because of the larger and larger values of
the eccentricities of their members and of interacting projectiles
(Fig. 6).
Table 3 reports the mean intrinsic collisional probabilities (in
italics) and the mean impact velocity (in bold) for the intra-group
and inter-group collisions for the main groups ICB, HMCB,
CMCB and OB. It is worthwhile to note that the intrinsic col-
lisional probability among CMCB members is much larger than
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the intrinsic collisional probability among ICB bodies, even if
the former have smaller semimajor axes than the latter. This
large diﬀerence is due to the diﬀerent inclination distributions.
In fact, the orbital inclinations of the ICB members reach 50 de-
grees, while the inclinations of CMCB members is generally be-
low 10 degrees. For the same reason, ICB objects have a larger
mean impact velocity than CMCB objects.
6. Discussion and conclusions
We have updated the computation of the probability of collisions
among TNOs along with the determination of the distributions of
the impact velocities. We computed such parameters for the dif-
ferent dynamical groups the TNO population is subdivided into.
The aim of this work is to provide detailed information needed
to implement or improve models of collisional evolution of the
TNO population. We used as an input the orbital distribution
provided by the CFEPS synthetic model, the most recent and
updated model of the EKB dynamical structure.
A previous computation of the probability of collisions
among TNOs has been done by Dell’Oro et al. (2001). At that
time the number of known TNOs was much smaller than nowa-
days and no model nor extrapolation for the entire population
was available. In that work the statistics of collisions were in-
vestigated on the basis of only 46 Plutinos and 140 non Plutinos
objects with relatively low orbital reliability. The mean intrin-
sic probability of collision among Plutinos resulted to be equal
to P = 4.44 × 10−22 km−2 yr−1 and mean velocity of im-
pact 1.44 km s−1. Our current results are respectively 〈Pi〉 =
3.90 × 10−22 km−2 yr−1 and and 〈|U |〉 = 2.46 km s−1. The dif-
ference is due to the diﬀerent distribution of the orbital elements
of the two samples, in particular regarding inclinations. In the
sample of 46 Plutinos the inclinations ranged from 0 to 40 deg,
with a mean value around 10 deg, while in our present sample in-
clinations are between 0 and 60 deg and the mean value is about
20 deg.
Moreover, in Dell’Oro et al. (2001) the probability of colli-
sion between Plutinos and non Plutinos was reported to be 3.14×
10−22 km−2 yr−1 and the mean impact velocity, 1.23 km s−1. Our
present estimations are respectively 1.54 × 10−22 km−2 yr−1 and
2.10 km s−1 (3:2 versus ALL). Again, the lower value for 〈Pi〉
and the larger value for 〈|U |〉 is due to the larger extension of the
orbital elements of the impactors.
As an example of the role of the peculiar dynamical behavior
of resonant objects on their collisional statistics, we recomputed
the probability of collisions among Plutinos without taking
into account the factor Φ(σ) in the analytical expression of
the function Δ (Eq. (2)). This is equivalent to assume that
Plutinos have regularly circulating orbits. The result of this
exercise provides a value for the mean intrinsic probability of
collision 25% lower than the correct value (2.9× 10−22 km−2 in-
stead of 3.9× 10−22 km−2), while 〈|U |〉 results to be more or less
the same (about 2.4 km s−1 in both cases). The correction fac-
tor between canonical collisional probability (computed assum-
ing circulating orbits) and non-canonical probability depends on
the degree of polarization of the orientation of the orbits and in
general increases more and more orbits are polarized (Dell’Oro
& Paolicchi 1998a). Obviously, for collisions between resonant
and non-resonant objects, the probability of collision is in any
case the one provided by the canonical statistics because no cor-
relation exists between the angular elements of the two kind of
orbits.
The results presented in this paper may serve as a statistical
tool of use in any situation in which the distribution of the rela-
tive encounter velocities and the collisional probabilities among
TNO populations are needed. For example, these results may be
useful for studies of the overall collisional evolution of TNOs,
including the possible formation dynamical families and resur-
facing processing due to collisions.
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